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■ We report a new result on the nice section construction used in the 

C\| , definition of rest frame systems in general relativity. This construction 

is needed in the study of non trivial gravitational radiating systems. 



We prove existence, regularity and non-self-crossing property of solu- 
i . tions of the nice section equation for general asymptotically flat space 

^jfj| times. This proves a conjecture enunciated in a previous work. 



PACS numbers: 04.20-q, 04.30-w 



1 Introduction 



The rest frame equation, or "nice section" equation lp.ll , for asymptotically 



flat space-times, is an equation which relates quantities denned at null infinity 
(scri or X) . The solutions of this equation are a family of privileged sections 



of scri, which represent the analog of having a frame of reference [12] [13 . 

The physical motivations for the nice section construction have been 
explained already in the literature ||1H| |[12|| . We just mention here that at 
present the description of astrophysical gravitational radiation in terms of the 
sources, is carried out through the so called quadrupole radiation formula[f|. 
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The construction of the nice sections provides a necessary tool, that we ex- 
pect to be useful for the discussion of gravitational radiation and its relation 
with the notion of multipole moments, including the cases of systems which 
suffer a non-trivial back reaction due to gravitational radiation, or when the 
lapse of time considered is relatively long, when compared to the dynamical 
characteristic time. Those cases can not be dealt with the quadrupole radi- 
ation formula, which has been deduced for an instant of time, and for weak 
fields. 

In what follows we will concentrate in the mathematical aspects of the 
nice section construction, and we will provide a general existence proof of 
them; which demonstrates that the conjecture that we have enunciated in 
ref. |T2| is true. 

Let us start by recalling the basic structure of scri. Roughly speaking 
scri is the three dimensional manifold that corresponds to the end points 
when one takes the limits to infinity of the future directed null geodesic. The 
topology of a complete scri is K. x S 2 , and the natural coordinates are the 
so called Bondi coordinates; which are labeled by (u, C,C)j where (C, C) are 
complex stereographic coordinates of the sphere S 2 , and u takes values in KL 
Given an arbitrary real function 7(C, C) °f the sphere, we say that u = 7(C, C) 
defines a section of X. 

The symmetry group of scri (i.e. the group of coordinate transformations 
which preserves the asymptotic geometric structure of the space-time) is the 
Bondi-Metzner-Sach (BMS) group. It is defined by the following relations: 

u = jr(«- 7 (C,C)), C=4x^' (1) 

cC + a 

with 

i + CC 



ad — be = 1, K 



H + b\ 2 + \c( + d\ 2 



where a, b, c, d are complex constant, and 7 is a real function on the sphere. 

We express the supermomentum at a section u = constant in the following 
way: 



Y lm {C,CMu,C,OdS 2 , (2) 



where dS 2 is the surface element of the unit sphere; Y\ m are the spherical 
harmonics; 

= ^ 2 + at + 5 2 ct; (3) 
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with \l/2 and a being the leading order asymptotic behavior of the second 
Weyl tensor component and the Bondi shear respectively; where we are using 
the GHP notation^] for the edth operator of the unit sphere, and an over 
dot means d/du. 

Similarly the total Bondi energy-momentum vector at a given section of 
null infinity can be expressed by 

pa = -^- I l a (U)^(uXX)dS\ (4) 
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where 



m -d±±L c ~ c ~ (5) 
c J " I 'i + cc'i(i + cc)'i + ccy • { } 

In fact the Bondi momentum is a linear combination of the first four compo- 
nent (I = 0, 1) of the supermomentum. 

The rest mass M of the section is given by 



M = ^P a} (6) 



where the indices are moved with the Lorenzian flat metric rj a b at scri||10||. 

The BMS group ([!]) and the supermomentum (|2|) are the basic ingredients 
for the definition of the nice section equation. 

A rest frame system in special relativity is a coordinate system in which 
the total four momentum has only temporal component. Given such a system 
we can perform a translation and we still have a rest frame system. 

This idea can be translated to the structure of scri; where the supermo- 
mentum takes the role of the momentum in special relativity. With this idea 
in mind, the nice sections are defined in such a way that the supermomen- 
tum has only temporal component. This means that the integrand \I/ at a 
nice section is a constant, i.e., it does not depend on the angular coordinates 
(CO- 

The function \1/ transforms under a BMS transformation in the following 

urn 



way 



^ = ^(*-9 2 § 2 7), (7) 

where ^ = ^ 2 + + § 2 a. 

This means that given an initial arbitrary section, a nice section can be 
determined by the appropriate BMS transformation such that \I/ is constant. 
Therefore we can express the nice section equation by 

EP8* 7 = *(« = 7 , C, + ^ 3 (7, C, C)M( 7 ), (8) 
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where the conformal factor K can be related to the Bondi momentum by 



M 

and P a is evaluated at the section u = 7; which is calculated through the 
integral (f|). 

Since the operator 5 2 8 2 occurs very frequently in this work we use the 
notation D = 9 2 8 2 , and we note also that 

D = S 2 8 2 = -A 2 - -A (10) 

where A is the Laplacian of the unit sphere. 

We say that a supertranslation 7 (or equivalently a section of X) satisfies 
the "nice section" equation if the function evaluated in 7 is equal to the 
total mass M; this is exactly the content of equation (|j). 

Note that the nice section equation involves also a Lorenz rotation, as it 
can be seen by the appearance of the scalar K in the equation. 

Equation (§) is our fundamental equation, we want to investigate the 
existence and properties of solutions of this equation. 

We say that a real function x = x((, () on the sphere is a translation 
if Dx = 0. Note that this implies that x has an expansion in spherical 
harmonics with / = 0, 1. An arbitrary regular function 7 can be decomposed 
in 

7 = x + y, 

where y has an expansion with / > 2. Given an arbitrary x, equation (||) is 
an equation for y. 

The main result of this paper is the following Theorem: 

Theorem 1.1 If ^ is a smooth function on scri, the total energy P° is 
bounded by the constant E , the total mass M is bounded from below by 
M > Mq, Mq > 0; and the gravitational energy density flux \&\ 2 < X; where 
the constant X satisfies 



X<^(l + {2C K f)-\ 



and Ck is given by 



r - Eo + r° 2 1- 
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then 

(i) For every translation x there exists a solution y of equation and 
y is a smooth function on the sphere. 

(ii) The solutions 7 = x + y(x) are continuous in the J^-parameter transla- 
tion x, and if Xi and X2 are two translations such that the difference, Xi—X\, 
corresponds to a future directed time like vector, then 

7(^1, CO < 7(^2, CO- 

Since the mass M is a decreasing function of u, the constant M is the final 
rest mass as ti — > 00. Note that while Mq is Lorentz invariant P° is not; 
in other words the inequalities depend on the particular Bondi system being 
used. 

It is important to recall that all the hypothesis of the theorem are in 
terms of physical quantities; namely the total mass M, the energy P° and 
the gravitational energy density flux |<r| 2 . Theorem O] essentially says that 



the solutions of equation (H) exist and have the expected physical properties, 
when the gravitational radiation of the space-time is not too high. 



As it was pointed out in |TI|, there exist another choices for the supermo- 
mentum \l/ in the literature. We want to analyze here these other possibilities. 
One of them is the Geroch supermomentum |4]] || 



m G = m 2 + aa + -(5 2 a - 9 2 cr) 
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and another one is the Geroch- Winicour supermomentum [[|[] 

*GIV = *2+^-SV (11) 

The function is invariant under supertranslation, then it will not give 
an equation for 7. Note that vanishes for Minkowski space-time, but 
equation (§) is not trivial in this space-time; its solutions are the shear-free 
sections (o~ = 0). As it is well known, the sections with a = in Minkowski 
space-time represent a natural way to isolate the Poincare group from the 
BMS group of scri, and this is precisely the aim of the 'nice section' equation 
in the general case. These considerations rule out ^c- 

The Geroch- Winicour supermomentum ^gw could in principle be used 
to construct an alternative equation. But the supermomentum \1/ satisfies 
the following remarkable equation 

^ = |d| 2 , (12) 



1 We take this opportunity to correct a mistake in the articles |T^] and the super- 
momentum ^ is not the same as the Geroch- Winicour supermomentum, as it is clear from 
the expression (O) 
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which relates in a simple way the time derivative of $ with the gravitational 
radiation flux. This equation allows us to write the hypothesis of the theo- 
rems in terms only of the total mass M, the energy P° and the gravitational 
energy density flux |<r| 2 . It might be also possible to prove similar theorems 
for an equation based on ^owi but they would certainly look much more 
complicated. 

In section [| we prove the existence part (i) of the theorem. In section § 
we prove the part (ii). Finally, for the sake of completeness, we remind in 
the Appendix the Schauder fixed point theorem, which is the main tool for 
the existence proof of section 0. 

2 Existence Proof 

The equation (||) is an elliptic, nonlinear, equation on the compact manifold 
S 2 . The main tool for proving existence of solutions of this type of equations 
is the Schauder fixed point Theorem |3]^ (see for example page 380 of ref. 
for an elementary treatment of a similar equation with the same technique). 
Let us define the function / as the right-hand side of equation (|8|) 

f{x + y, C, C) = *{x + y, C, C) + K 3 M(x + y, (, (). (13) 

The first step is to prove that the function / satisfies the appropriate inequal- 
ity under the hypothesis of Theorem |1 . 1| ; this will be proved in the following 
Lemma. 

Lemma 2.1 Assume that ^ is a smooth function on scri, the gravitational 
radiation flux satisfies \&\ 2 < X , the total mass M > M > and the total 
energy P° < E . Then 

l/l<A|y|+C7, (14) 
where the constant C does not depend on y. 

Proof: Take Uq an arbitrary, fixed, real number. From equation ([12]) we 
have 

*(7, C, = f l^l 2 K, C, Odu' + *K C, 0- 

We use the hypothesis \&\ 2 < A to obtain 

\V\<\\y\+C 1 , (15) 
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where 



d = snp{X\x - u \ + |tf(uo,C,C)|}- 

s 2 



Note that the constant C\ depends on x and uq but not on y. 

Looking at the expression (|1^) we see that for proving the inequality (|14|) 
we need only to find bounds for K and M in terms of the constant M and 
Eq. The last one follows immediately since M < P° and by hypothesis we 
have P° < E , then 

M < Eq. (16) 

Define the velocity vector V a by V a = P a /M. Note that V a V a = 1. We 
use the definition of K, equation (Q), to obtain 

K - A- (17) 

The function V a l a satisfies the following inequality 

\V a l a \ > \V°\ - \V%\ > \V°\ - \/V I V i . 

We have used that 1% = 1, with % = 1, 2, 3. Then we use that (V^f-V^i = 1 
to obtain 



\V a l a \ > \V°\ - V(V ) 2 - 1- (18) 

The right-hand side of this inequality is a monotonically decreasing function 
of |V°|. By hypothesis we have the bound 

y° = S < #■■ (w) 

M ~ M ( J 

We use the bound (|19D in equation fll8|) to obtain 

and then by equation ( p!7|) we get the desired bound for K: 

\K\ < C K , (20) 

where Ck is given by 



Using the bounds (|T|), flHj) and we obtain the final inequality for the 
function /: 



where 

C = C\ + EqCk- 



With this Lemma we are in position to prove the following existence 
Theorem: 

Theorem 2.1 Assume that ^ is a smooth function on scri, the total energy 
P° < Eq, the total mass M > M > and the gravitational energy density 
flux \&\ 2 < X with 

[27 
X < \ — . 
V 4 

Then for every translation x there exists a solution y of equation and y 
is a smooth function on the sphere. 

Proof: Consider the mapping A on the space of continuous functions on 
the sphere A : C°(S 2 ) -> C°(S 2 ) defined as follows 

A(y) = D- 1 f(x + y,CX), 

where D~ l is the inverse of D. First note that A is well defined for every 
translation x, since for an arbitrary x + y the function / is orthogonal to the 
kernel of D, and then it is in the domain of D~ l . This is not obvious and 
it is essential, otherwise equation (ffl) would be inconsistent. For a proof see 
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A solution of equation (|j) is a fixed point y = A(y) of the mapping A. 
To prove that such fixed point exists we will use the Schauder fixed point 



Theorem |3.2| . In the following we will prove that the mapping A satisfies the 
hypothesis of this Theorem. 

First we prove that A is continuous in the C° norm. By definition 

DA(y) = f(x + y,(,0, 

we take the L 2 norm in both sides of this equation 

\\DA{y)\y = \\f(x + y,CMr? < V^II/(* + y, C, Ollc". 
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The last inequality follows because / is continuous. We use the inequality ||T2|j 

\\Dy\\ L 2>V^^/27j4\\y\\ c0} (21) 

which is nothing but a particular case of the elliptic regularity inequalities 
for the elliptic operator D, to obtain 



I \A(y) | |co< >/4/27||/(x + y,C0\\c°- (22) 
Since D~ l is a linear operator we obtain also the inequality 

\\A( yi ) - A(y 2 )\\ c o = \\D-\f( yi ) - f(y 2 ))\\co < ^\\(f{yi) ~ /(lfe))||o»- 

(23) 

Since by hypothesis / is continuous as a function of y then by (^) A is also 
continuous. 

Let B be the closed ball in C°(S 2 ) of radius C 2 ] B is clearly a closed, 
convex subset of the Banach space C°(S 2 ). We want to prove that A maps B 
into itself when the constant C 2 is appropriately chosen. Take y G B, using 
the inequality (p2[) and Lemma [2.1| we have 



\\A(y)\\ c ° < ^(Mvl + C) < ^(AC 2 + C). (24) 
Take C2 = aC, where a satisfies 

A + i< 

a 

this a exists because we have assumed that A < \l^r. Then from the in- 




equality fl24|) we obtain 

\\A(y)\\ C o < C 2 . 

Therefore we have proved that A maps the ball B into itself. 

It remains to be proved that the set A(B) is precompact. The set A(B) 
is a subset of H i {S 2 ). This is a consequence of the elliptic character of the 
4th order operator D and the standard elliptic regularity theorems (see for 
example Q fl4fl) 



Since H 4 (S 2 ) is compactly imbedded in C°(S 2 ) (see for example 0) it 
follows that A(B) is precompact in C°(S 2 ). 
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The hypothesis of Theorem |3.2| are satisfied, and then there exists a so- 
lution y = y(C, C) in C°(S 2 ). 

Since y is in C°(S 2 ) and / is smooth, then f(x + y, C, C) is i n L 2 (S 2 ). 
Therefore by the elliptic regularity theorems y G H A (S 2 )] and then, by the 
Sobolev imbedding Theorem, it is in C 2 (S 2 ); but then f(x + y,(X) is i n 
H 2 (S 2 ). We use elliptic regularity and induction to conclude that y is in 

c°°(s 2 ). m 

Note that for the existence proof we only need \l/ to be in C°; if we only 
require this, then by the elliptic regularity theory one would only obtain a 
C 2 solution y. 



3 Uniqueness and non self-crossing proper- 
ties of the solutions 

Here we want to analyze the dependence of the solution y(x,(, C) i n terms 
of the translation x. In the previous section we have shown that given an 
arbitrary x there exists a solution y(x,(,C)i which is smooth in the vari- 
ables (C>0- Now we want to prove that under more restrictive conditions 
this solution is unique. Moreover, we also want to prove that y(x,(, C) is 
continuous in x. This means that the function y(x, £, () defines a family of 
solutions parameterized by x. We also prove that this family has the follow- 
ing non self-crossing property: if X\ and x<i are two translations such that 
the difference x<i — x\ corresponds to a future directed timelike vector, then 

7O1, CO < 7(^2, CO- 

This implies that the solutions of equation (^) generated by a time translation 
do not cross among them. 

We begin with the following auxiliary Lemma. 



Lemma 3.1 Assume that the hypothesis of Lemma \2. i| holds. Then 
11/(72) - /(7i)IU 2 < V47rC/'||72-7i||oo> 

where 

C f , = A (l + (2C K ) 4 ) . (25) 

Proof: Consider / as a mapping / : C°(S 2 ) — > L 2 (S 2 ), since ^ is smooth 
then / is Frechet differentiable, and by the mean value theorem (see for 
example ) we obtain the following bound 

11/(72) - /(7i)Hl 2 < sup ||/'(7i +£(72 -7i)IU(c°,L 2 )ll72 -7i||c°, 

£6(0,1) 
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where £(C°, L 2 ) denotes the operator norm, and /' is the Frechet derivative 
of /. We have to calculate the bound for /'. The Frechet derivative /' is 
given explicitly by(|TJ] 

( 4P a \ 
f ( 7 )5 7 = vD( 7 )£ 7 + i^— - 3KF) K*5P a , 

where 

And the operator norm of /' is 

H/'WIkco,^) = sup{||f ( 7 )5 7 || L2 ; HHIco = 1}. 
We use the bounds E Q , M , A and the bound ( |2DD for K to obtain 

||f(T)ik^)< V±ac r , 

where 

G r = A (1 + (2C K ) A ) , 
and we have used the inequality 

7^ < K < C K . 



Theorem 3.1 Assume that the hypotheses of Theorem \2.1\ hold, and in ad- 
dition that 



\/27 

\<^ T (l + (2C K f)- 1 - (26) 

Then the solutions 7 = x+y(x) are continuous in the ^-parameter translation 
x. Moreover, if x\ and x 2 are two translations such the difference X2 — x\ 
corresponds to a future directed time like vector, equivalently x^ — X\ > 0; 
then 

7(^1, CO < 7(^2, C,C)> 

for all (C, C) i n the sphere. 
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Proof: Let x\ + y(xi,(,C) an d x 2 + 2/(^2, C, C) be two solutions of the 
equation (|8|); taking the difference we obtain 

D(y(x 2 ) - y(xi)) = f(x 2 + y(x 2 ), (, C) - f(xi + y(xi), (, 0- 
Let us take the L 2 norm on both sides of this equation 

\\D(y(x 2 ) -y(xx))\\ L 2 = \\f(x 2 + y(x 2 ),(,0 ~ f(xi + y(xi),C,0\\^, 
then using Lemma |3J] and the inequality (^1|) we obtain 

y/27/i\\y{x 2 ) -y(x 1 )\\ c o < C f ,\\x 2 + y(x 2 ) - (x 1 +y(x 1 ))\\ C o. 

Since by hypothesis we have inequality (p6|) , it is deduced that Cf < v27 /4 
and we obtain 

\\y{x 2 ) -yOi)|ic° < ^^J'_ c -\\x 2 -giHco; 

in this way we have proved that the function is continuous in x. Note 
that 

Cf, 

then for X\ < x 2 we obtain 

\\y(x 2 ) - y(x 1 )\\ o < \\x 2 -XiWoo. (27) 

The fact that x 2 — x\ corresponds to a future directed timelike vector, is 
equivalent to the statement that we can choose a coordinates system (by 
means of a Lorentz rotation) in which x 2 — x\ is a positive constant. Then 
I \x 2 — X\ I |c7o = x 2 — x\ in this coordinate system and from the inequality ( |2"T| ) 
we conclude that 

7O2, CO > 7(^1, CO- 

It is important to remark that after one has proved the last inequality, it 
is possible to come back to the original Bondi system by the inverse of the 
original transformation which does not change the inequality. That is, this 
inequality is also true in the original Bondi system. ■ 

Appendix: Schauder Fixed Point Theorem 

We use the following version of the Schauder Theorem (see ref. page 280.) 

Theorem 3.2 Let B be a closed convex set in a Banach space V and let A be 
a continuous mapping of B into itself such that the image A(B) is precompact 
(i.e. the closure of A(B) is compact). Then A has a fixed point. 
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